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We consider the evolution of traversable wormhole geometries in the inflationary, radiation– and
matter–dominated eras, and dynamic wormholes with a traceless energy-momentum tensor (EMT),
within the recently proposed pole dark energy model. We show that the evolving radiation– and
matter–dominated wormhole spacetimes satisfy the null energy condition (NEC), but possess nega-
tive energy densities at late times, thus violating the weak energy condition (WEC) in this specific
domain. However, the traceless EMT evolving wormholes, supported by conformally invariant mass-
less fields, satisfy the WEC, and consequently the NEC, at all times and for all values of the radial
coordinate. Thus, one may imagine a scenario in which these geometries originate in the Planckian
era through quantum gravitational processes. Inflation could then provide a natural mechanism for
the enlargement of these Planckian wormholes, where their FLRW background evolution is governed
by pole dark energy. For the first time in the literature, specific dynamical 4-dimensional solutions
are presented that satisfy the NEC and WEC everywhere and everywhen.
Introduction. General relativistic traversable worm-
holes as cosmic compact objects, and theoretically engi-
neered as hypothetical short-cuts in spacetime [1, 2], are
threaded and sustained by exotic matter, which is a fluid
that violates the null energy condition (NEC). While the
static and spherically symmetric solutions were exten-
sively explored in the literature [3, 4], evolving wormholes
under the effect of cosmic fluids, such as dark energy
and radiation fields, are a relatively outstanding inter-
esting topic. One way to study this subject is to embed
a wormhole in a Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) metric, which permits the geometry to evolve
in a cosmological background [5–20]. A further advan-
tage of these evolving wormholes, as compared to their
static counterparts, is their ability to satisfy the energy
conditions in arbitrary finite intervals of time [21, 22].
The line element of an evolving wormhole, used
throughout this work, is given by
ds2 = −e2Φ(r)dt2 + a2(t)
[
dr2
1− b(r)/r + r
2dΩ2
]
, (1)
where dΩ2 = dθ2 + sin2 θ dϕ2 is the linear element of
the unit sphere, and Φ (r), b (r) and a (t) are the redshift
and shape functions and the scale factor, respectively.
In order to describe a wormhole, the following condi-
tions need to be satisfied: b(r0) = r0, b(r) − r ≤ 0 and
rb′(r)−b (r) < 0, where r0 is the wormhole throat, which
represents a minimum radius in the wormhole spacetime
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[1]. The last inequality translates the flaring-out condi-
tion, and through the Einstein field equations, it imposes
the violation of the NEC [1–4]. As the violation of the
energy conditions is a somewhat problematic issue, it is
important to minimize these violations [14, 23–26].
In this paper, we study the evolution of traversable
wormholes in a FLRW background within the recently
proposed pole dark energy model [27]. In this model,
used to explain dark energy, the Lagrangian is the sum-
mation of the potential V and a kinetic term of the form
−k (∇σ)2 /2σp with a pole of order p and residue k at
σ = 0, and thus, the p = 2 and V = 0 case corresponds
to a minimal k-essence model up to the first order of ap-
proximation [28]. The kinetic term can be transformed to
a canonical scalar field form, where the resultant trans-
formed Lagrangian of the model could give rise to an
observationally viable dark energy equation of state evo-
lution, given by ω (z) < −0.9, an outcome which occurs
even for transformed potentials V (φ) with the forms that
could not normally produce a reliable behavior for the
dark energy equation of state [27]. Due to their quantum
stability and attractor features, these models with kinetic
terms including a pole have been employed for studying
inflation. A multipole dark energy model has also been
proposed [29].
Here, we explore the possibility that evolving wormhole
geometries may be supported by this model, in a manner
analogous to more standard equations of state [30–36].
Furthermore, we explore the energy conditions for matter
threading these traversable wormhole geometries.
Action and field equations. The action of the pole
dark energy model is written as
S =
∫
d4x
√−g
(
R
2κ
+ Lσ + Lm
)
, (2)
2where R is the scalar curvature, κ is related to Newton’s
constant, Lm is the matter Lagrangian density and the
Lagrangian of the scalar field σ is given by [27]
Lσ = −1
2
k
σp
∇µσ∇µσ − V (σ) , (3)
in which the pole resides at σ = 0 and has a residue k
and order p. Varying the action (2) with respect to the
metric gµν and scalar field σ, yields the field equations
Gµν = κ
(
T σµν + T
m
µν
)
, (4)
0 =
1
2
kp
σp+1
∇ςσ∇ςσ − k
σp
∇ς∇ςσ + dV (σ)
dσ
, (5)
respectively, where
T σµν =
k
σp
∇µσ∇νσ − 1
2
k
σp
gµν∇ςσ∇ςσ − V (σ)gµν ,
is the scalar field energy-momentum tensor (EMT), Gµν
is the Einstein tensor and Tmµν is the matter EMT.
Note that the kinetic term in Eq. (3) can be trans-
formed to a canonical form − (∇φ)2 /2 via [27]
σ =


(
|2−p|
2
√
k
)2/(2−p)
φ2/(2−p) for p 6= 2
e±φ/
√
k for p = 2
. (6)
With this transformed canonical Lagrangian of the scalar
field in hand, the field equations are given by
Gµν = κ
(
T φµν + T
m
µν
)
, (7)
0 = −∇ς∇ςφ+ dV (φ)
dφ
, (8)
where T φµν = ∇µφ∇νφ − 12gµν∇ςφ∇ςφ − V (φ)gµν , with
V (φ) = V (σ (φ)), and σ (φ) can be read from Eq. (6).
In this paper, we consider a specific class of wormhole
solutions with a constant redshift function, Φ = const.
The matter EMT is T µν = diag(−ρ,−τ, p, p), where ρ, τ
and p are the energy density, the radial tension and the
tangential pressure, respectively. Using the metric (1),
the gravitational field equations (7) provide
ρ(t, r) = ρb (t)− ρφ (t) + b
′
r2a2
, (9)
τ (t, r) = τb (t)− τφ (t) + b
r3a2
, (10)
p (t, r) = −τb (t) + τφ (t)− b
′
2r2a2
+
b
2r3a2
, (11)
where ρb (t) = 3H
2, τb (t) = H
2 + 2a¨/a, ρφ (t) = φ˙
2/2 +
V (φ), and τφ (t) = −φ˙2/2 + V (φ), in which H = a˙/a.
Here, the overdot and prime denote derivatives with re-
spect to t and r, respectively. For notational simplicity,
we consider κ = 1. Note that if one fixes a to unity
and excludes the background evolution and the dark en-
ergy contribution, we recover the well-known equations
of motion of the Morris-Thorne wormhole [1].
From Eq. (8), the scalar field equation of motion is
given by φ¨+ 3Hφ˙+ dV/dφ = 0, with φ = φ (t). In order
to solve this equation numerically, we re-write it in terms
of dimensionless functions of a. To this effect, we use the
following definitions: φ¨ = a¨φ′(a) + a˙2φ′′(a), φ˙ = a˙φ′(a),
a¨ = Ha˙ + H˙a, H˙ = a˙H ′(a), and a˙ = Ha, where here
the prime denotes a derivative with respect to the scale
factor. We also define U = V/3H20 and E = H/H0,
where H0 is the present value of the Hubble parameter.
Thus, we obtain the following differential equation:
φ′′(a)a2E2(a)+φ′(a)aE(a) [4E(a) + aE′(a)] + 3
dU
dφ
= 0.
(12)
To solve Eq. (12) for φ (a), we have to deduce E. By
applying a barotropic equation of state τb = −ωbρb for
the background, we find E = a−3(ωb+1)/2. For the infla-
tionary, radiation– and matter–dominated eras, the pa-
rameter ωb is equal to −1, 1/3 and 0, respectively.
Relative to the potential V (φ), from Eq. (6), we see
that a power law potential V ∼ σn transforms to another
power law potential of the form φ2n/(2−p). For p < 2, the
signs of the initial and transformed potential powers are
the same while the transformed one is steeper and so is
less interesting for inflation or dark energy close to a cos-
mological constant like behavior. For p > 2, the signs
flip, i.e., a monomial potential is transformed to an in-
verse power law one and vice versa. This is significant as
for canonical scalar fields, a monomial potential causes
a thawing dark energy scenario which begins with a cos-
mological constant like state at high redshift and devi-
ates from this as it evolves at later times. On the other
hand, an inverse power law potential exhibits freezing
dark energy behavior at early times, i.e., it could possess
a dynamical attractor behavior with a constant equation
of state parameter ωφ = −τφ/ρφ and then advances to-
wards a cosmological constant behavior at later times
[37]. Therefore, the pole dark energy model can produce
the features of freezing, possibly attractor, fields from
monomial potentials and thawing fields from an initial
inverse power law potential. Here, we use the power law
potential for σ with n > 0 and p > 2 which causes an
inverse power law potential for φ of the form V ∼ φ−α
in which α = 2n/(p− 2). Note that any value of α could
be obtained by different sets of n(> 0) and p(> 2).
In order to study the behavior of the EMT components
ρ, τ and p given by Eqs. (9)-(11) and the correspond-
ing energy conditions, we have to choose a suitable shape
function b(r) for our wormhole structure. For this pur-
pose, we choose b(r) = r0 (r0/r)
q
which satisfies all the
required conditions, given above, provided q > −1.
Evolving traversable wormholes and energy
conditions. In this section, we study the evolution
of traversable wormholes in the inflationary, radiation–
and matter–dominated eras, as well as evolving worm-
holes with a traceless EMT, in the presence of pole dark
energy. We will also explore the null and weak energy
conditions for our solutions. The weak energy condition
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FIG. 1. The behavior of ωφ vs z for the radiation-dominated era, the matter-dominated era and the traceless EMT case. Note
that the horizontal axis is logarithmic. See the text for more details
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FIG. 2. The behaviors of ρ, ρ − τ and ρ + p, respectively, versus z for different values of r in the radiation-dominated era
(ωb = 1/3) with U(φ) = φ
0.1 and q = 2. Note that both the horizontal and vertical axes are logarithmic. The γ-shaped part
in subfigure (a) shows the point at which ρ meets zero and changes its sign.
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FIG. 3. The behaviors of ρ, ρ− τ and ρ+p, respectively, versus z for different values of r in the matter-dominated era (ωb = 0)
with U(φ) = φ0.2 and q = 0.5. Both horizontal and vertical axes are logarithmic. The γ-shaped part in subfigure (a) shows the
point at which ρ attains zero and consequently changes sign.
(WEC) is expressed in terms of the energy density ρ, ra-
dial tension τ and tangential pressure p as ρ ≥ 0, ρ−τ ≥ 0
and ρ+p ≥ 0, respectively. The last two inequalities, i.e.,
ρ− τ ≥ 0 and ρ+ p ≥ 0 correspond to the NEC.
In the following, we consider U(φ) = φ−α and b(r) =
r0 (r0/r)
q
. Then, with E = a−3(ωb+1)/2 which arises from
the background equation of state τb = −ωbρb and using
the dimensionless definitions, Eqs. (9)-(11) lead to
ρ
3H20
=
1
a3(ωb+1)
− a
2
6a3(ωb+1)
φ′2(a)−φ−α(a)− qr0
(
r0
r
)q
3a2H20r
3
,
(13)
ρ− τ
3H20
=
1 + ωb
a3(ωb+1)
− a
2
3a3(ωb+1)
φ′2(a)− r0
(
r0
r
)q
(q + 1)
3a2H20r
3
,
(14)
ρ+ p
3H20
=
1 + ωb
a3(ωb+1)
− a
2
3a3(ωb+1)
φ′2(a)− r0
(
r0
r
)q
(q − 1)
6a2H20r
3
,
(15)
respectively. In what follows, we set the wormhole throat
at r0 = H
−1
0 . We also consider that the initial conditions
for solving Eq. (12) numerically are φ(ǫ) = φ′(ǫ) = 10−4,
where ǫ is very close to a = 0.
Inflationary era. For the inflationary era with ωb =
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FIG. 4. The behaviors of ρ, ρ− τ and ρ+p, respectively, versus z for different values of r for a traceless EMT with U(φ) = φ0.2
and q = 0.5. Note that both horizontal and vertical axes are logarithmic.
−1, Eq. (14) reduces to
ρ− τ
3H20
= −a
2
3
φ′2(a)− r0
(
r0
r
)q
(q + 1)
3a2H20r
3
,
which immediately leads to ρ− τ < 0 for q > −1, which
satisfies the flaring-out condition at the throat. Thus,
both the NEC and the WEC are violated, if one seeks
for a traversable wormhole in this region. It is, however,
remarkable that ωφ is physically viable for this case, i.e.,
ωφ (z) < −0.9, with some α values less than unity, ac-
cording to our numerical analysis.
Radiation-dominated era. The behavior of the equa-
tion of state ωφ = −τφ/ρφ = (φ˙2/2−V (φ))/(φ˙2/2+V (φ))
with respect to the redshift z (= 1/a−1) in the radiation-
dominated era where ωb = −τb/ρb = 1/3, E = a−2 and
a(t) ∝ t1/2 with U (φ) = V (φ) /3H20 = φ0.1 is depicted
in Fig. 1(a). It is physically viable since ωφ (z) < −0.9.
In Fig. 2, the behaviors of ρ, ρ − τ and ρ + p versus
z for different values of r are shown where q = 2, i.e.,
b(r) = r0 (r0/r)
2
, which satisfies all required conditions.
As one can see, at earlier times, the wormhole geometry
satisfies the WEC. As time passess, ρ, ρ−τ and ρ+p de-
crease. This occurs for the throat as well as other worm-
hole radii. Eventually, at late times, the energy density
ρ becomes negative, as depicted in Fig. 2(a), whereas
ρ− τ and ρ+p remain positive (see Figs. 2(b) and 2(c)).
Thus, the NEC is satisfied at late times, contrary to the
WEC. Consequently, the NEC is satisfied by these evolv-
ing traversable wormhole solutions at all times and for
all values of r, including the wormhole throat. Note that
the energy density of the throat becomes negative earlier
than other radii, as is transparent from Fig. 2(a).
Matter-dominated era. The behavior of ωφ versus z in
the matter-dominated era where ωb = 0, E = a
−3/2 and
a(t) ∝ t2/3 with U (φ) = φ0.2 is depicted in Fig. 1(b).
It is also physically viable since ωφ (z) < −0.9. In Fig.
3, the behaviors of ρ, ρ − τ and ρ + p with respect to
z for different values of r are shown for q = 0.5, i.e.,
b(r) = r0 (r0/r)
0.5
which satisfies all the required condi-
tions. As exhibited in Fig. 3, the wormhole geometry sat-
isfies the WEC at earlier times, and as it evolves in time,
the quantities ρ, ρ−τ and ρ+p decrease. The throat and
the other wormhole radii behave in this manner, and at
late times, the energy density ρ becomes negative. How-
ever, the quantities ρ − τ and ρ + p remain positive at
late times (Figs. 3(b) and 3(c)). Therefore, the NEC
is satisfied by these dynamical wormhole solutions at all
times for all values of r, including the wormhole throat,
as in the previous example. However, the WEC is vi-
olated only at late times, as depicted by Fig. 3(a). In
addition to this, the energy density of the throat becomes
negative earlier than for regions of larger radii.
Wormholes with traceless EMT. Considering the trace-
less EMT, i.e., ρ− τ + 2p = 0, we obtain
2aE(a)E′(a) +
2
3
E(a)2
[
3 + a2φ′ (a)2
]
− 2U (φ) = 0.
(16)
The traceless EMT implies a conformally invariant mass-
less field, commonly encountered in the Casimir effect. In
fact, conformal symmetry imposes significant constraints
on the structure of conformal field theories, where one
can relate and unify physical theories. We solve the cou-
pled differential equation system, Eqs. (12) and (16),
for φ and E, numerically, and set the initial condi-
tion E (ǫ) = 106. The behavior of ωφ versus z with
U (φ) = φ0.2 is depicted in Fig. 1(c). It is physically
viable since ωφ (z) < −0.9. In Fig. 4, the behaviors of
ρ, ρ− τ and ρ+ p, with respect to z for different values
of r are shown where q = 0.5, so that b(r) = r0 (r0/r)
0.5
satisfies all required conditions. Figure 4 shows that ρ,
ρ−τ and ρ+p decrease as time evolves. However, they re-
main positive at all times and consequently the NEC and
WEC are always satisfied. This occurs for the wormhole
throat as well as other wormhole radii. It is interesting
to note that at a specified time/redshift, the quantities
ρ and ρ − τ increase for increasing values of the radius,
and the minimum value corresponds to the throat, as de-
picted by Figs. 4(a) and 4(b). On the other hand, ρ+ p
decreases for increasing values of the radius, and has a
maximum at the throat (Fig. 4(c)).
Discussion and Conclusion. In this work, using
the recently proposed pole dark energy model, we ex-
plored the evolution of traversable wormhole geometries
in a FLRW background, in particular, in the inflation-
ary, radiation– and matter–dominated eras. In addi-
tion to these solutions, we also analysed dynamic worm-
5holes with a traceless EMT. A central theme in this
work was the study of the energy conditions, and it was
shown explicitly that the evolving radiation– and matter–
dominated wormhole spacetimes satisfy the NEC, but
possess negative energy densities at late times, thus vi-
olating the WEC in this specific domain. Nevertheless,
inflating traversable wormhole geometries always violate
both the NEC and WEC. On the other hand, it was
shown that the traceless EMT evolving wormholes sat-
isfy both the NEC and WEC at all times.
These solutions can be thought to be embedded in a
scenario where inflation provides a natural mechanism
for the enlargement of submicroscopic Planckian worm-
holes, that originated via quantum gravitational pro-
cesses, to macroscopic size. Their subsequent evolution
is governed by pole dark energy. In fact, it was shown
that Lorentzian wormholes in a flat de Sitter background
could serve this purpose [5]. Subsequent work on evolving
wormholes, conformally related to static Morris-Thorne
wormhole geometries were also found to exist for finite
intervals of time, with the EMT satisfying the WEC in
specific ranges [21, 22]. The role of extra compact decay-
ing dimensions have also been dealt with in the context
of simple models involving an exponential inflation and
a KaluzaKlein type inflationary scenario [22].
Finally, to the best of our knowledge, the evolving
traversable wormhole geometries considered in this work,
are the first found in the literature, in four-dimensions,
to present specific solutions in a cosmological background
constructed by normal matter (the NEC and WEC are
satisfied everywhere and everywhen). Thus, these novel
results motivate further work in this interesting branch of
research. Work along these lines is presently underway.
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